
'HFD\�+HDW�&DOFXODWLRQ�IRU�0LQRU�$FWLQLGHV�LQ�WKH�+\EULG�0HWKRG

+��7DNHXFKL��.��2\DPDWVX��<��.XNLWD

'HSDUWPHQW�RI�(QHUJ\�(QJLQHHULQJ�DQG�6FLHQFH��1DJR\D�8QLYHUVLW\

)RU HYDOXDWLRQ RI GHFD\ KHDW IURP WKH ILVVLRQ RI PLQRU DFWLQLGHV �0$V� ZH DUH FXUUHQWO\

IRUFHG WR UHO\ RQO\ RQ VXPPDWLRQ FDOFXODWLRQV VLQFH WKHUH KDV EHHQ QR GLUHFW PHDVXUHPHQW IRU WKHVH
QXFOLGHV� ,Q WKLV SDSHU� ZH XVH DQ DOWHUQDWLYH DSSURDFK �QDPHG ¦K\EULG§ PHWKRG� WR HYDOXDWH WKH 0$
GHFD\ KHDW SRZHU XVLQJ WKH PHDVXUHG GHFD\ KHDW SRZHUV IRU PDMRU DFWLQLGHV DW <$<2,� 5HVXOWV IRU WKH

IDVW ILVVLRQV RI ���1S� ���$P� ���$P� ���&P DQG ���&P DUH LQ VXSSRUW RI WKH VXPPDWLRQ FDOFXODWLRQV IRU

β GHFD\ KHDW� EXW VXJJHVW QRWDEOH XQFHUWDLQWLHV LQ γ GHFD\�KHDW VXPPDWLRQ FDOFXODWLRQV�

���,QWURGXFWLRQ
7KHUH LV D JURZLQJ QHHG IRU DFFXUDWLQJ HYDOXDWLRQ RI GHFD\ KHDW IURP WKH ILVVLRQ RI PLQRU

DFWLQLGHV �0$� VLQFH LQFUHDVLQJ HIIRUWV DUH EHLQJ PDGH IRU UHDOL]DWLRQ RI 0$ EXUQHU� +RZHYHU� DW
SUHVHQW RQO\ VXPPDWLRQ FDOFXODWLRQV DUH DYDLODEOH IRU WKLV SXUSRVH EHFDXVH QR GLUHFW PHDVXUHPHQW KDV

EHHQ SHUIRUPHG IRU WKHVH QXFOLGHV� ,Q WKLV SDSHU� GHFD\ KHDW SRZHUV IURP WKH IDVW ILVVLRQV RI ���1S�
���$P� ���$P� ���&P DQG ���&P DUH FDOFXODWHG LQ DQ DOWHUQDWLYH DSSURDFK� FDOOHG K\EULG PHWKRG>�� �@� LQ
ZKLFK ZH XWLOL]H PHDVXUHG GHFD\ KHDW SRZHUV RI 7K� 8 DQG 3X LVRWRSHV� WR H[DPLQH WKH UHOLDELOLW\ RI

WKH VXPPDWLRQ FDOFXODWLRQV�

���+\EULG�PHWKRG
7KH PHWKRG XVHG LQ WKLV SDSHU LV EDVHG RQ WKH IDFW WKDW WKH GHFD\ KHDW SRZHU LV D OLQHDU

IXQFWLRQ RI WKH LQGHSHQGHQW ILVVLRQ \LHOG� ,Q WKH PDWUL[ UHSUHVHQWDWLRQ RI WKH VXPPDWLRQ PHWKRG� ZH
FDQ H[SUHVV WKH GHFD\ KHDW SRZHU � 3� ZLWK D YHFWRU RI LQGHSHQGHQW ILVVLRQ \LHOG� \� DV

3 (ΛΛ�H[S�ΛW�\� ���

PDWUL[�XQLW�����
��

�
�H[S� � ,WW,W �+Λ+Λ+=Λ

ZKHUH Λ DQG Λ� UHSUHVHQW PDWULFHV ZLWK GHFD\ FRQVWDQWV�
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UHVSHFWLYHO\� ,Q WKHVH PDWULFHV� λN DQG EM→N DUH WKH GHFD\ FRQVWDQW RI QXFOHL N� DQG EUDQFKLQJ UDWLR IURP

QXFOHL M WR QXFOHL N� UHVSHFWLYHO\� 7KH YHFWRU ( LV WKH DYHUDJH GHFD\ HQHUJ\ YHFWRU GHILQHG DV

1((( ��(

,Q WKH K\EULG PHWKRG� ZH VWDUW ZLWK ZULWLQJ \ IRU D JLYHQ ILVVLRQLQJ V\VWHP DV D OLQHDU
FRPELQDWLRQ RI \LHOG YHFWRUV RI RWKHU 1 ILVVLRQLQJ V\VWHPV� \�…\1�

\ D�\��D�\��…+D1\1�\5� ���

ZKHUH \5 LV WKH UHVLGXDO YHFWRU� 7KH YDOXHV RI WKH FRHIILFLHQWV� DL� DUH FKRVHQ WR PLQLPL]H _\5_�
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7KH DERYH�PHQWLRQHG OLQHDULW\ OHDGV WR WKH IROORZLQJ H[SUHVVLRQ IRU WKH GHFD\ KHDW SRZHU� 3�

ZLWK WKH VDPH FRHIILFLHQWV� DL� DV REWDLQHG IURP ����

3 D�3��D�3��…+D131�35� ���

+HUH� 3L GHQRWHV WKH GHFD\ KHDW SRZHU RI ILVVLRQLQJ V\VWHP L� 7KH UHVLGXDO WHUP 35 FDQ EH FDOFXODWHG LQ

WKH VXPPDWLRQ PHWKRG XVLQJ WKH \LHOG YHFWRU \5� 1RWH WKDW 35 LV H[SHFWHG WR EH VPDOO EHFDXVH _\5_ KDV
EHHQ PLQLPL]HG� :H WKXV FDQ HYDOXDWH 3 IRU VXFK QXFOLGHV DV 0$V� IRU ZKLFK QR UHOLDEOH PHDVXUHPHQW
GDWD H[LVW� E\ XVLQJ LQWHJUDO PHDVXUHPHQW GDWD 3L IRU RWKHU ILVVLRQLQJ V\VWHPV�

:H VXPPDUL]H WKH QXFOHDU SURSHUWLHV UHTXLUHG IRU GHFD\ SRZHU HYDOXDWLRQ ZLWK WKH K\EULG
PHWKRG� WKH VXPPDWLRQ FDOFXODWLRQ DQG WKH LQWHJUDO PHDVXUHPHQW LQ 7DEOH �� 7KH DFFXUDF\ RI WKH

VXPPDWLRQ FDOFXODWLRQ IXOO\ GHSHQGV RQ WKH DFFXUDF\ RI WKH GHFD\ GDWD ZKLOVW WKH K\EULG PHWKRG XVHV
GHFD\ GDWD RQO\ LQ WKH FDOFXODWLRQ RI WKH VPDOO UHVLGXDO WHUP 35�

���5HVXOWV
7KH GHFD\ KHDW SRZHUV RI ���1S�)�� ���$P�)�� ���$P�)�� ���&P�)� DQG ���&P�)� KDYH EHHQ

FDOFXODWHG LQ WKH K\EULG PHWKRG XVLQJ WKH GHFD\ KHDW SRZHUV RI ���7K�)�� ���8�)�� ���8�)�� ���8�)��
���3X�)� PHDVXUHG DW <$<2,� +HUH� WKH V\PERO ¦)§ VWDQGV IRU WKH IDVW ILVVLRQ� :H JHW WKH IROORZLQJ
ILYH HTXDWLRQV IURP (T� ����

3����1S� D�3�
���7K��D�3�

���8��D�3�
���8��D�3�

���8� �D�3�
���3X� �35�

���1S�� ���

3����$P� E�3�
���7K��E�3�

���8��E�3�
���8��E�3�

���8� �E�3�
���3X� �35�

���$P�� ����

3����$P� F�3�
���7K��F�3�

���8��F�3�
���8��F�3�

���8� �F�3�
���3X� �35�

���$P�� ����

3����&P� G�3�
���7K��G�3�

���8��G�3�
���8��G�3�

���8� �G�3�
���3X� �35�

���&P�� ����

3����&P� H�3�
���7K��H�3�

���8��H�3�
���8��H�3�

���8� �H�3�
���3X� �35�

���&P�� ����

7KH ILVVLRQ \LHOGV DQG GHFD\ GDWD RI (1')�%�9, KDYH EHHQ XVHG WR FDOFXODWH WKH YDOXHV RI

FRHIILFLHQWV DL� EL� FL� GL DQG HL IURP (T� ��� DQG WKHQ WR REWDLQ \5 DQG 35� $V VKRZQ LQ 7DEOH �� WKH
FRHIILFLHQWV DUH DOO SRVLWLYH IRU ���1S�)�� EXW WDNH DOVR QHJDWLYH YDOXHV IRU ���$P�)�� ���$P�)�� ���&P�)�

DQG ���&P�)�� :H VHH IURP 7DEOH � WKDW WKH RIIVHWV GXH WR WKH QHJDWLYH WHUPV DUH VLJQLILFDQW�
7KH GHFD\ KHDW SRZHU IURP ���1S�)�� ���$P�)�� ���$P�)�� ���&P�)� DQG ���&P�)� DUH VKRZQ

LQ )LJV� � WKURXJK �� 7KH OLQHDU FRPELQDWLRQ RI PHDVXUHPHQW GDWD� LQ WKH ULJKW KDQG VLGH RI (TV� ���

WKURXJK ����� DPRXQWV WR DERXW ��� RI WKH WRWDO HVWLPDWHG GHFD\ SRZHU IRU HDFK ILVVLRQLQJ V\VWHP DV
OLVWHG LQ 7DEOHV � WKURXJK �� 7KHUHIRUH WKH SUHVHQW UHVXOWV FRXOG EH WDNHQ DV DOPRVW LQGHSHQGHQW RI

VXPPDWLRQ FDOFXODWLRQV� 7KH SUHVHQW UHVXOWV DUH FRPSDUHG ZLWK WKH VXPPDWLRQ FDOFXODWLRQV LQ )LJ� ��

)RU β GHFD\ KHDW� WKH K\EULG DQG VXPPDWLRQ FDOFXODWLRQV DJUHH UHDVRQDEO\ ZLWKLQ WKH XQFHUWDLQWLHV LQ

VXPPDWLRQ FDOFXODWLRQV ��a� � >�@�� +RZHYHU� IRU γ GHFD\ KHDW WKH K\EULG FDOFXODWLRQV GLIIHU

DSSUHFLDEO\ IURP WKH VXPPDWLRQ FDOFXODWLRQV EH\RQG WKHLU XQFHUWDLQWLHV ��a� � >�@��

���

���



���&RQFOXVLRQ
7KH GHFD\ KHDW SRZHUV IURP WKH IDVW ILVVLRQV RI ���1S� ���$P� ���$P� ���&P DQG ���&P KDYH

EHHQ HVWLPDWHG IURP WKH PHDVXUHG GHFD\ KHDW SRZHUV IURP WKH IDVW ILVVLRQV RI 7K� 8 DQG 3X LVRWRSHV�
7KH IDFW WKDW WKH GHFD\ KHDW SRZHU LV D OLQHDU IXQFWLRQ RI WKH LQGHSHQGHQW ILVVLRQ \LHOG ZDV XVHG WR
HVWLPDWH WKH PLQRU DFWLQLGHV GHFD\ KHDW SRZHUV� IRU ZKLFK WKHUH H[LVW QR GDWD� IURP GDWD IRU RWKHU

ILVVLRQLQJ V\VWHPV� 7KH UHVXOWV KDYH EHHQ XVHG WR H[DPLQH WKH UHOLDELOLW\ RI VXPPDWLRQ FDOFXODWLRQV IRU

WKHVH PLQRU DFWLQLGH ILVVLRQLQJ V\VWHPV� $OWKRXJK WKH FRPSDULVRQV DUH IDYRUDEOH IRU WKH β GHFD\ KHDW

VXPPDWLRQ FDOFXODWLRQV� WKH\ VXJJHVW WKDW IXUWKHU FRQILUPDWLRQ VKRXOG EH GRQH IRU WKH γ GHFD\ KHDW

VXPPDWLRQ FDOFXODWLRQV�

5HIHUHQFHV
>�@ 0� $NL\DPD HW DO�� -� $WRP� (QWHU� 6RF� RI -DSDQ� ��� ���������

>�@ 0� $NL\DPD HW DO�� -� $WRP� (QWHU� 6RF� RI -DSDQ� ��� ���������

>�@ 0� $NL\DPD� 3URF� ,QW� &RQI� RQ 1XFO� 'DWD IRU 6FL� DQG 7HFK�� $QWZHUS� ����� S�����

>�@ +� 2KWD HW DO�� 3URF� ���� 6\PSRVLXP RQ 1XFOHDU 'DWD� -$(5,�&RQI ������� S�S���������

7DEOH �� 1XFOHDU SURSHUWLHV UHTXLUHG IRU FDOFXODWLRQ��●�UHTXLUHG� △�SDUWO\ UHTXLUHG� ×�QRW UHTXLUHG��

1XFOHDU SURSHUWLHV 6XPPDWLRQ PHWKRG 1HZ PHWKRG ,QWHJUDO
PHDVXUHPHQW

,QGHSHQGHQW ILVVLRQ

\LHOGV

● ● ×

'HFD\ FRQVWDQWV ● △ ×

%UDQFKLQJ UDWLRV ● △ ×

$YHUDJH GHFD\ HQHUJLHV ● △ ×

7DEOH �� 9DOXHV RI FRHIILFLHQWV DL� EL� FL� GL DQG HL�

&RHIILFLHQWV � � � � �

DL ����� ����� ����� ����� �����

EL ����� ����� ������ ������ �����

FL ������ ������ ������ ����� �����

GL ����� ����� ������ ������ �����

HL ����� ������ ������ ������ �����

7DEOH �� 9DOXHV RI >D�3�
���7K��D�3�

���8��D�3�
���8��D�3�

���8� �D�3�
���3X�@� 3����1S��

W�V� β GHFD\ KHDW γ GHFD\ KHDW
�� ���� � ���� �

��� ���� � ���� �

���� ���� � ���� �

7DEOH �� 9DOXHV RI >E�3�
���7K��E�3�

���8��E�3�
���8��E�3�

���8� �E�3�
���3X�@� 3����$P��

W�V� β GHFD\ KHDW γ GHFD\ KHDW
�� ���� � ���� �

��� ���� � ���� �

���� ���� � ���� �



7DEOH �� 9DOXHV RI >F�3�
���7K��F�3�

���8��F�3�
���8��F�3�

���8� �F�3�
���3X�@� 3����$P��

W�V� β GHFD\ KHDW γ GHFD\ KHDW
�� ���� � ���� �

��� ���� � ���� �

���� ���� � ���� �

7DEOH �� 9DOXHV RI >G�3�
���7K��G�3�

���8��G�3�
���8��G�3�

���8� �G�3�
���3X�@� 3����&P��

W�V� β GHFD\ KHDW γ GHFD\ KHDW
�� ���� � ���� �

��� ���� � ���� �

���� ���� � ���� �

7DEOH �� 9DOXHV RI >H�3�
���7K��H�3�

���8��H�3�
���8��H�3�

���8� �H�3�
���3X�@� 3����&P��

W�V� β GHFD\ KHDW γ GHFD\ KHDW
�� ���� � ���� �

��� ���� � ���� �

���� ���� � ����� �

)LJ� �� 7KH β DQG γ GHFD\ KHDW SRZHUV RI ���1S LQ WKH K\EULG PHWKRG �VROLG OLQH� DQG LQ WKH VXPPDWLRQ
PHWKRG �ILOOHG FLUFOHV ZLWK HUURU EDUV��

)LJ� �� 7KH β DQG γ GHFD\ KHDW SRZHUV RI ���$P LQ WKH K\EULG PHWKRG �VROLG OLQH� DQG LQ WKH VXPPDWLRQ

PHWKRG �ILOOHG FLUFOHV ZLWK HUURU EDUV��

��� ��� ��� ���

���

���

���

���

K\EULG PHWKRG
�<$<2,�(1')�%�9,�
VXPPDWLRQ FDOFXODWLRQ
�(1')�%�9,�

���
1S�)�

       β

W�V�

W×
3
�W
�
�0

HY
�I
LV
VL
R
Q
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��� ��� ��� ���

���

���

���
���

1S�)�
       γ

W�V�

��� ��� ��� ���

���

���

���

K\EULG PHWKRG
�<$<2,�(1')�%�9,�
VXPPDWLRQ FDOFXODWLRQ
�(1')�%�9,�

���
$P�)�

       β

W�V�

W ×
3
�W
�
�0

HY
�I
LV
VL
R
Q
�

��� ��� ��� ���

���

���

���
���

$P�)�
       γ

W�V�



)LJ� �� 7KH β DQG γ GHFD\ KHDW SRZHUV RI ���$P LQ WKH K\EULG PHWKRG �VROLG OLQH� DQG LQ WKH VXPPDWLRQ

PHWKRG �ILOOHG FLUFOHV ZLWK HUURU EDUV��

)LJ� �� 7KH β DQG γ GHFD\ KHDW SRZHUV RI ���&P LQ WKH K\EULG PHWKRG �VROLG OLQH� DQG LQ WKH VXPPDWLRQ

PHWKRG �ILOOHG FLUFOHV ZLWK HUURU EDUV��

)LJ� �� 7KH β DQG γ GHFD\ KHDW SRZHUV RI ���&P LQ WKH K\EULG PHWKRG �VROLG OLQH� DQG LQ WKH VXPPDWLRQ
PHWKRG �ILOOHG FLUFOHV ZLWK HUURU EDUV��

��� ��� ��� ���

���

���

���

K\EULG PHWKRG
�<$<2,�(1')�%�9,�
VXPPDWLRQ FDOFXODWLRQ
�(1')�%�9,�

���
$P�)�

       β

W�V�

W ×
3
�W
�
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���
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$P�)�
       γ

W�V�

��� ��� ��� ���

���

���

K\EULG PHWKRG
�<$<2,�(1')�%�9,�
VXPPDWLRQ FDOFXODWLRQ
�(1')�%�9,�

���
&P�)�

       β

W�V�

W ×
3
�W
�
�0
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&P�)�

       γ

W�V�
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���
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���
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&P�)�
       γ

W�V�

��� ��� ��� ���

���

���

���

K\EULG PHWKRG
�<$<2,�(1')�%�9,�
VXPPDWLRQ FDOFXODWLRQ
�(1')�%�9,�

���
&P�)�

       β

W�V�

W ×
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)LJ� �� &RPSDULVRQ EHWZHHQ WKH VXPPDWLRQ DQG K\EULG FDOFXODWLRQV IRU ���1S� ���$P� ���$P� ���&P DQG
���&P�

��� ��� ��� ���
���

���

�

���

���

W�W�

γ
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