
&DOFXODWLRQ�RI�3KRWRQXFOHDU�3URFHVV�LQ�WKH�5HJLRQ�RI�6HYHUDO�7HQV�0H9

� )RUPXODWLRQ�RI�([DFW�7UDQVLWLRQ�5DWH�IRU�+LJK�(QHUJ\�γ�5D\� � �

+LURDNL�:DGD�DQG�+LGHR�+DUDGD
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H�PDLO� KZDGD#WRNDL�SQF�JR�MS

7KH HOHFWURPDJQHWLF ILHOG DSSUR[LPDWHG E\ XVLQJ ORQJ ZDYH�OHQJWK OLPLW LV QRW YDOLG IRU KHDY\

QXFOHDU PDVV RU KLJK HQHUJ\ γ �UD\ WUDQVLWLRQ� 7R H[DPLQH WKH FRQWULEXWLRQ RI WKH HOHFWULF PXOWLSROH ILHOG

WKDW LV QHJOHFWHG LQ ORQJ ZDYH�OHQJWK OLPLW� ZH IRUPXOL]H WKH (O WUDQVLWLRQ UDWH IRU WKH VWULFW HOHFWULF

PXOWLSROH ILHOG DQG FRPSDUH TXDQWLWDWLYHO\ WKLV UHVXOW ZLWK :HLVVNRSI HVWLPDWH�

Ⅰ�� � ,QWURGXFWLRQ

7KH� ORQJ�ZDYH�OHQJWK� DSSUR[LPDWLRQ� LV� RIWHQ�XVHG� WR� HVWLPDWH� QXFOHDU� HOHFWULF� DQG

PDJQHWLF�WUDQVLWLRQ�IRU�ZLGH�UDQJH�RI�QXFOHDU�PDVV�RU� γ �UD\�HQHUJ\��+RZHYHU��WKH�ORQJ�ZDYH�

OHQJWK�DSSUR[LPDWLRQ�LV�QRW�DFFXUDWH�LQ�FDVH�RI�HVWLPDWLRQ�RI�WKH�WUDQVLWLRQ�UDWH�IRU�WKH�KHDY\

QXFOHL� RU� KLJK� HQHUJ\� γ �UD\�� 7KHUHIRUH�� LQ� WKLV� ZRUN�� ZH� WUHDW� WKH� HOHFWULF�PXOWLSROH� ILHOG

VWULFWO\�WR�IRUPDOL]H�WKH� (O �WUDQVLWLRQ�UDWH�WKDW�LV�YDOLG�IRU�KHDY\�QXFOHL�RU�KLJK�HQHUJ\� γ �UD\�

)RU� VLPSOLILFDWLRQ�� ZH� WDNH� WKH� QXFOHDU� ZDYH� IXQFWLRQV� WKDW� DUH� WKH� VDPH� DV�:HLVVNRSI

HVWLPDWLRQ��:H�FRPSDUH�WKH�WUDQVLWLRQ�UDWH�ZLWK�WKH�:HLVVNRSI�XQLW�LQ�SUHOLPLQDU\�FDVH�

)LUVWO\��ZH�EULHIO\�IROORZ�D�GHULYDWLRQ�SURFHVV�RI� WKH� (O � WUDQVLWLRQ�UDWH�ZLWKRXW� WKH

ORQJ�ZDYHOHQJWK�DSSUR[LPDWLRQ�LQ�VHFWLRQ�Ⅱ��1H[W��ZH�FRPSDUH�WKH�REWDLQHG�WUDQVLWLRQ�UDWH

ZLWK�WKH�:HLVVNRSI�XQLW�LQ�VHFWLRQ�Ⅲ��/DVWO\��ZH�VXPPDUL]H�WKH�UHVXOW�LQ�VHFWLRQ�Ⅳ�

Ⅱ�� � 0HWKRG

,Q� WKLV� VHFWLRQ�� ZH� VXUYH\� IRUPDOL]DWLRQ� RI� WKH� WUDQVLWLRQ� UDWH� ZLWK� WKH� HOHFWULF

PXOWLSROH�ILHOG�WKDW�LV�QRW�DSSUR[LPDWHG�E\�XVLQJ�WKH�ORQJ�ZDYHOHQJWK�
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,Q�YLHZSRLQW�RI�RQH�SDUWLFOH�PRGHO��WKH�ZDYH�IXQFWLRQ�RI�WKH�QXFOHDU�VWDWH�LV�JLYHQ�E\

WKH�ZDYH�IXQFWLRQ�RI� WKH�QXFOHRQ��:H�WDNH� WKH�VDPH�ZDYH�IXQFWLRQV�RI� WKH�QXFOHDU�VWDWHV�DV

RQHV�RI�:HLVVNRSI�HVWLPDWLRQ��7KH�LQLWLDO�� Lψ ��DQG�ILQDO�VWDWH�ZDYH�IXQFWLRQV�� Iψ ��RI�WKH�RQH
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:KHUH�� 5 � LQGLFDWH� D� QXFOHDU� UDGLXV�� 7KH� H[SUHVVLRQ� RI� ��UX �� (T�������� PHDQV� WKDW� WKH

SUREDELOLW\�RI� SURWRQ� LV� XQLIRUP� LQ� WKH� VSKHULFDO� QXFOHXV� DQG� ]HUR�RXWVLGH� WKH� QXFOHXV��7KH

H[FLWHG�QXFOHDU�VWDWH�LV�FKDUDFWHUL]HG�E\�VSKHULFDO�KDUPRQLF�IXQFWLRQV��7KH�H[FLWHG�LQLWLDO�VWDWH

KDV�QRQ�]HUR�RUELWDO�DQJXODU�PRPHQWXP� O �DQG�PDJQHWLF�TXDQWXP�QXPEHU� P ��7KH�TXDQWXP

QXPEHU� O � DQG� P � RI� WKH� JURXQG� ILQDO� VWDWH� DUH� HTXDO� WR� ]HUR�� )RU� WKHVH� ZDYH� IXQFWLRQV�
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IRU�WKH�HPLVVLRQ�RI�XQSRODUL]HG�SKRWRQ��7KH� (O �WUDQVLWLRQ�UDWH�LV�LQYDULDQW�ZLWK�VSDFH�URWDWLRQ�

DQG� ������ +Oπ �RI�(T��������LV�D�QRUPDOL]DWLRQ�IDFWRU�IRU�VSDFH�URWDWLRQ��,I�ZH�VXEVWLWXWH�WKH

HOHFWULF�PXOWLSROH�ILHOG�(T������
�IRU�WKH�PDWUL[�HOHPHQW�(T��������WKH�WUDQVLWLRQ�UDWH�(T�������

LV�HTXDO�WR�:HLVVNRSI�XQLW
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Ⅲ�� � 5HVXOW

,Q�WKLV�VHFWLRQ��ZH�HVWLPDWH�TXDQWLWDWLYHO\�WKH�UDWLR�RI�WKH� (O �WUDQVLWLRQ�UDWH� ��� (O7 �

(T���������IRUPXODUL]HG�LQ�ODVW�VHFWLRQ�WR�:HLVVNRSI�XQLW� ��� (O7:8 �(T�������
��:H�FRQVLGHU

RQO\�WKH� �( �� �( �DQG� �( �WUDQVLWLRQ�UDWH�LQ�KHUH�

)URP�WKH�UDWLR� ������� (O7(O7 :8 �ZLWK�WKH�QXFOHDU�PDVV�QXPEHU� $ ���WKH� γ �UD\

HQHUJ\� γ( ���DW�IL[HG� 0H9��=γ( ��� ��=$ ���>�)LJ�����@��LW�LV�VKRZQ�WKDW�WKH�WUDQVLWLRQ�UDWH

��� (O7 �LV�OHVV�WKDQ�WKH�:HLVVNRSI�XQLW� ��� (O7:8 �DQG�WKH�UDWLR� ������� (O7(O7 :8 �GHFUHDVH

ZLWK�LQFUHDVLQJ�WKH�PDVV�QXPEHU� $ �RU�WKH� γ �UD\�HQHUJ\� γ( ��0RUHRYHU��WKH�UDWLR

������� (O7(O7 :8 �RI�WKH� �( �� �( �DQG� �( �WUDQVLWLRQ�UDWH�DUH�QHDUO\�HTXDO�WR� � �DW� �≈$ �RU

0H9�≈γ( ��DQG�VSOLW�IRU�WKH�ODUJHU� $ �RU� γ( ��7KHVH�UDWLRV�VDWLVI\�WKH�UHODWLRQ
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PDVV�QXPEHU� $ �DQG�WKH� γ �UD\�HQHUJ\� γ( �>�7DEOH���������@��7KH�DERYH�SURSHUWLHV�DUH�YDOLG

IRU�DOO� $ �DQG� γ( �DOVR��$V�H[WUHPH�H[DPSOH��WKH� ��������� (O7(O7 :8 == �RI�WKH� �(

WUDQVLWLRQ�LV� ����� �DW� 0H9���=γ( �DQG� ���=$ ��� ����=5N
&

���

7DEOH���� ��������� (O7(O7 :8 == �RI� �( �WUDQVLWLRQ�UDWH

7DEOH���� ��������� (O7(O7 :8 == �RI� �( �WUDQVLWLRQ�UDWH

7DEOH���� ��������� (O7(O7 :8 == �RI� �( �WUDQVLWLRQ�UDWH

)LQDOO\��ZH�LQYHVWLJDWH�WKH�YDULDWLRQ�RI�WKH� ������� (O7(O7 :8 �ZLWK� 5N
&

�DW� 0H9��=γ( �DQG

0H9���=γ( �>�)LJ����������@��7KH�VKDSH�RI�WKH� ������� (O7(O7 :8 �DUH�DOPRVW�LQGHSHQGHQW
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ZLWK� γ �UD\�HQHUJ\�

Ⅳ�� � &RQFOXVLRQ

:H�WUHDWHG�WKH�HOHFWULF�PXOWLSROH�ILHOG�VWULFWO\�DQG�IRUPDOL]HG�WKH� (O �WUDQVLWLRQ�UDWH

XVLQJ� WKH� VLPSOH� ZDYH� IXQFWLRQ� WKDW� LV� XVHG� LQ� WKH�:HLVVNRSI� HVWLPDWLRQ�� :H� HVWLPDWHG

TXDQWLWDWLYHO\� WKH� UDWLR� RI� WKH� WUDQVLWLRQ� UDWH� ��� (O7 � IRUPXODWHG� E\� WKH� VWULFW� HOHFWULF

PXOWLSROH� ILHOG� WR� WKH� :HLVVNRSI� XQLW� ��� (O7:8 �� ,Q� FRQVHTXHQFH�� 7KH� UDWLR

������� (O7(O7 :8 � LV� OHVV� WKDQ� �� DQG� GHFUHDVH� ZLWK� LQFUHDVLQJ� WKH� QXFOHDU� PDVV� RU� γ �UD\

HQHUJ\�

:H�GLG�QRW�FRQVLGHU�WKH�PDJQHWLF�WUDQVLWLRQ�UDWH�\HW��%XW��LW�LV�SRVVLEOH�WR�H[WHQG�WKH

HOHFWULF�WUDQVLWLRQ�WR�WKH�PDJQHWLF�WUDQVLWLRQ�ZLWK�LQWURGXFLQJ�WKH�VSLQ�RI�WKH�QXFOHRQ�

5HIHUHQFHV

>�@�9��)��:HLVVNRSI��3K\V��5HY�����������������

)LJ�� :877 � YV� 5N
&

LQ �( WUDQVLWLRQ

DW 0H9��=γ( � D VROLG OLQH �

DQG 0H9���=γ( � D EURNHQ OLQH �

)LJ�� :877 � YV� 5N
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LQ �( WUDQVLWLRQ
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