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Abstract: A cross section model for cold neutron scattering in light water is developed, which de-
scribes various molecular motions inherent to hydrogen-bonded water molecules especially in terms
of jump- and rotational-diffusion processes. Inter- and intra-molecular vibrations are also included.
A systematic analysis is performed of a velocity autocorrelation function, a generalized frequency
distribution and double-differential and total cross sections. Good agreement with the results of com-
puter molecular dynamics and neutron scattering experiments is found. A widerange of cross section
evaluation for neutron energies from 0.1µeV to 10 eV and liquid temperatures between the melting
and boiling points is performed. This permits us to generate such low-energyneutron cross section
libraries as group constants set and scattering law for ultra-cold, very-cold, cold and thermal neutrons.
Together with the libraries for liquid4He, H2, D2 and solid and liquid CH4, a powerful tool for design
of an advanced low-energy neutron source is now ready for use.
Keywords: Light water, Molecular dynamics, Cross section, Scattering law, Cold neutron, Thermal
neutron, Neutron source.

1 Introduction
Cold (∼ 1 meV) and thermal (∼ 25 meV) neutrons are expected to be useful in studying microscopic

structures and molecular dynamics of various materials such as soft condensed matters, bio-molecules,
super-conductors and industrial products. To utilize these neutrons actually, a spallation neutron source
is being constructed in Japan, USA and Europe. High-energy (∼MeV) neutrons generated from a spal-
lation target must be moderated to thermal and cold neutrons with an optimized hydrogenous material
like light water (H2O), liquid H2 and solid CH4. Hence neutronic properties of such moderators need to
be studied especially in terms of scattering and slowing-down processes. The present paper is devoted
in this direction. A cross section model for neutron scattering in liquid water is devolped, which is
applicable to a wide range of incident neutron energy from 0.1µeV (ultra-cold) to 10 eV (epi-thermal)
and all practical temperatures between melting and boiling points.

Another purpose of the present paper is to describe water-molecule dynamics in terms of hydrogen-
bonding properties and related various relaxation processes on the molecular translations and rotations
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in a wide time scale from∼0.001 to∼100 ps. A set of characterizing functions such as a velocity auto-
correlation function, an intermediate scattering function and a dynamical scattering law is systemat-
ically calculated. These are necessary for a physical and unified interpretation of neutron-scattering
and molecular-dynamics results.

In Sec. 2, a brief description is given of the double-differential cross section model of light water.
Sec. 3 discusses many cross-section results, both double-differential and total, by comparison with
available experimental results at various practical temperatures. Sec. 4 isdevoted to the generation of
group-constants set and scattering law. Some concluding remarks are given in Sec. 5.

2 Cross Section Model
The physical properties of liquid water are especially anomalous at low temperatures, for instance, as

is the case with H2O showing the maximum density at 4◦C, the minimum isothermal compressibility at
46◦C, non-Arrhenius behavior of the self-diffusion coefficient, and so on. For this complexity of water,
a theoretical model of water dynamics remains to be developed. On the other hand, recent scattering
experiments with light, X-ray and neutron are being characterizing the structure and dynamics of
water at the microscopic level. In particular, neutron scattering is applied to study the translational
and rotational motions of water molecules in the hydrogen-bond network with afinite lifetime. More
recently, computer molecular-dynamics simulations have served for the interpretation of experimental
results in terms of effective potentials of water molecule and various transport properties of liquid
water.

The present paper aims at developing an accurate model of water basedon the newly available
experimental data and computer simulation results. The main object is twofold, i.e.to interpret sys-
tematically the data in an energy-momentum domain and the results in a space-time domain, and to
generate a cross-section library for design of a low-energy neutron source. This requires the model
to be capable of quantitative treatment in a wide range of the above-mentioneddomain. At present,
attention is paid to light water (H2O) as an incoherent scatter showing individual motions of water
molecule. The following features for molecule dynamics are taken into account:

• A water molecule is hindered in translational motion by a hydrogen-bond network formed in-
termittently with an average residence time having strong temperature dependence.
• Translational diffusion and vibration are repeated as a jump diffusion process [1]. The former

is characterized with the self-diffusion constant at given temperature, while the latter vibration
is due to an intermolecular motion with bending and stretching modes.
• Rotational motions of molecule are consisting of two parts, i.e. a rotational diffusion process

with a large relaxation (reorientational) time having an Arrhenius behavior [2], and a hindered
rotation with the librational band centered around 65 meV on account of intermolecular cou-
pling with surrounding molecules.
• Intramolecular vibrations with bending, stretching and asymmetric stretching modes are also

included.
• These motions tend to behave as free gases of H and O at a very-short timescale of, say, 0.001

ps, which is required to reproduce a free-atom cross section for an epithermal neutron.

All these dynamics are described in an explicit form by a velocity auto-correlation functionφ(t)
and, equivalently, a generalized frequency distribution functionD(ω). Their changes in liquid tem-
perature are involved with translational and rotational diffusion coefficients, a residence time, a reori-
entational time and so on. Onceφ(t) or D(ω) has been constructed, a space-time density correlation
functionGs(r, t) for individual motions can be obtained readily by the Gaussian approximation. Also
the analytical Fourier transform ofGs(r, t) with respect tor yields an intermediate scattering function
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Fig. 1: Behavior ofD(ω) for water at 293 K.

Scattered Neutron Energy E [meV]

D
ou

bl
e-

D
if

fe
re

nt
ia

l 
C

ro
ss

 S
ec

ti
on

 [
b/

eV
/s

tr
/H

2O
]

0 20 40 60
0

200

400

600

800

1000

θ
θ = 15°

= 60°

Ein = 1.0 meV
T = 293 K

80

Intermolecular
   Bending Mode

Intermolecular
    Stretching Mode

Libration

1.150E+06 (           )
7.305E+04 (           )θ = 60°

θ = 15°

Fig. 2. Behavior of d2σs/dεdQ for water at 293
K with E0 = 1.0 meV andθ = 15◦ and 60◦.

Fs(Q, t) = exp[−Q2W(t)/2] whereQ is the momentum transfer asQ~ andW(t) is the width function
as a mean squared displacement of molecule duringt. By the numerical Fourier transform ofFs(Q, t)
with respect oft ranging from∼0.001 to∼100 ps, various scattering cross sections can be determined:
a scattering law

S s(Q, ω) =
1
2π

∫

Fs(Q, t) exp(−iωt) dt (1)

= 2S H,s(Q, ω) +
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S O,s(Q, ω), (2)

a double-differential cross section
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S s(Q, ω), (3)

by the incoherent approximation, an angular distributionf (θ) and a total cross sectionσt(E0) where
ε = ω~ is the energy transfer andθ is the scattering angle,E0 is the neutron incident energy,k0 andk
are the wavenumbers of incident and scattered neutrons, respectively.

3 Molecular Dynamics and Scattering Results
Fig. 1 showsD(ω) as a function ofε, together with the those by experiment [3] and molecular dy-

namics [4]. The one for H has a dominant component around 60 meV by the hindered rotation of
molecule and a lower-energy component consisting of the translational diffusion near 0 meV and the
translational stretching and bending vibrations around 6 and 20 meV. The one for O, however, indi-
cates mainly the motions of center-of-mass in terms of translational stretching and bending vibrations.
Intramolecular vibrations with the characteristic energies of 200 and 463 meVare beyond the energy
range shown. It is also to be noted thatφ(t) andFs(Q, t) are found to be consistent with the recent
molecular-dynamics results [5] at many different temperatures.
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Fig. 2 shows d2σs/dεdQ of light water at 293 K forθ = 15◦ and 60◦ with E0 = 1 meV. They are
composed of two components: a very high and sharp peak by quasi-elasticscattering due to the jump
and rotational diffusion processes and a relatively broad peak by inelastic up-scattering arising from
the de-excitation of intermolecular vibrations and hindered rotations. With an increase inθ, the quasi-
elastic peak becomes broad and small to overlap the inelastic peak. Comparison with the experimental
results [6, 7] for water at 299 K withE0 = 5, 151 and 304 meV is satisfactorily made.

Fig. 3 shows the half-width at half-maximum for the quasi-elastic peak of water at 293 K as a
function of Q2. Also shown is the experimentally-estimated results for the quasi-elastic component
extracted from the data [8]. The solid line includes all the dynamics modes whilethe broken line with
only the jump diffusion process. Consequently, the latter is relatively similar in saturation behavior
with the experiment. Such an analysis is performed successfully in comparison with those on neutron
scattering at many different temperatures [6, 9].

Fig. 4 showsf (θ) for the three differentE0, compared with the experimental results [10, 11]. For
a 10-eV neutron, forward scattering in a free H is significant. On the contrary, a 1-meV neutron
scatters nearly isotropically though a backward up-scattering is slightly seen by the de-excitation of
intermolecular vibrations and librations. The result of a thermal neutron indicates a mid-behavior
between the above extremes.

4 Group Constant and Scattering Law
As a powerful tool for the design assessment of practical cold neutronsources, a set of group con-

stants for liquid water is generated. Light water at 5, 27, 52 and 77◦C is evaluated by using the cross
section model. The energy range from 0.1µeV to 10 eV is divided at equal logarithmic (lethargy)
intervals into 80 groups. The angular distribution of scattering cross section is represented by the
Legendre expansion up to a maximum order 3 which is almost adequate for reproduction of forward
scattering in free atoms, H and O, by an epithermal neutron. The weighting flux is a Maxwellian plus
1/E spectrum with the same temperature as water.
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Fig. 5 shows the group-constant results ofσt and total absorption cross sectionσa for water at four
different temperatures. Also shown are the experimental results from BNL-325 [12] and the ones by
the Nelkin model at 296 K [13]. With an increase inT , up-scattering at lower energies below about
1 meV becomes significant, whileσt approaches a free atom cross section of 44.6 b/H2O at energies
above about 1 eV. It can be seen from Fig. 5 that there are good agreement with the experiment at
ordinary temperature and essential difference inσt between liquid water and molecular gas. It may be
also noted that the calculated average cosine ofθ indicates a gradual transition from forward scattering
to uniform one with decreasingE, which agrees well with the experimental result [10].

Along with the group constant generation, a data file ofS s(Q, ω) is created in the ENDF/B-VI
format. A wide range of momentum and energy transfer is covered:Q = 0.11 to 35 Å−1 and~ω = −10
eV (down scattering) to 100 meV (up scattering), which correspond toα (= ~2Q2/2m/kT ) from 0.001
to 100 andβ (= ~ω/kT ) from −400 to 4, respectively, wherem is the neutron mass andkT = 25.24
meV at 293 K. Fig. 6 shows a typical result ofS H,s(Q, ω) for water at 293 K. At smallerQ, the
intermolecular dynamics inherent to liquid water are significant while, at larger Q, the intramolecular
motions and the recoil scattering in free H atom become effective.

5 Concluding Remarks
(a) The physical properties of hydrogen-bonded liquid water have stillremained unsettled especially

from a microscopic viewpoint. Hence a neutron scattering study is planned todetermine directly
Fs(Q, t) by means of a neutron spin echo (NSE) technique [14]. Temperature dependences of
intermolecular modes and diffusion processes will probably be observed both for light and heavy
water. Among many variations of NSE spectrometers, the Mieze type would be most suitable for
this experiment, since high experimental efficiency is attainable by very short distance between
water sample and neutron detector: the NSE does not need an energy analyser after the sample
and instead uses the Larmor precession as an internal measure of neutron energy. At present, such
inelastic and quasi-elastic scattering is now being planned using a new Mieze spectrometer to be
developed at the C3-1-2-2 beam port of the JRR-3M reactor.
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(b) The present cross section model makes possible the systematic interpretation of neutron-scattering
and molecular-dynamics results onφ(t), D(ω), W(t), Gs(r, t), Fs(Q, t), S s(Q, ω), d2σs/dεdQ, f (θ)
andσt(E0). A wide range of usefulness is found for neutron energies from ultra-cold (0.1µeV)
to epithermal (10 eV) neutron areas and liquid temperatures between melting and boiling points.
Furthermore, a set of group constants for light water at all practical temperatures is generated.
Those for heavy water will soon be ready for use [15]. By the combineduse of the already-
generated group constants on liquid4He, H2, D2 and CH4 and also solid CH4 [16], we may proceed
to the preliminary study of an advanced low-energy neutron source on ultra-cold, very cold and
cold neutrons.
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